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^ ■ Abstract 
O , 

O [ We review critically the main assumptions on which the standard the- 

ory of neutrino oscillations is based. We show that all assumptions are 
§ I realistic, except the so-called "equal momentum assumption", which 

however is irrelevant. We briefly review the covariant plane- wave deriva- 
^ . tion of neutrino oscillations and a quantum field theoretical wave packet 

model of neutrino oscillations. We show that both approaches lead to 
the standard expression for the oscillation phase. The wave packet 
model allows also to describe the coherence of the oscillations and the 



> 



'sf ■ localization of the production and detection processes. 

2 1 Introduction 



o 



The possibility of neutrino oscillations was discovered by Bruno Pontecorvo in the late 
Q^l 50's following an analogy with kaon oscillations [1,2]. Since at that time only one active 
p • neutrino was known, Pontecorvo invented the concept of a sterile neutrino [3] , which is a 
^ ■ neutral fermion which does not take part to weak interactions. The muon neutrino was 
discovered in 1962 in the Brookhaven experiment of Lederman, Schwartz, Steinberger 
et al. [4], which followed a proposal made by Pontecorvo in 1959 [5]. Then, it became 
^ \ clear that oscillations between different active neutrino flavors are possible if neutrinos 
' are massive and mixed particles. Indeed, in 1967 [3] Pontecorvo predicted the solar 
neutrino problem as a possible result of (or u^, t'steriie) transitions before the 

first measurement of the solar electron neutrino flux in the Homestake experiment [6], 
and in 1969 Gribov and Pontecorvo discussed in detail the possibility of solar neutrino 
oscillations due to neutrino mixing [7]. 

However, in these and other papers written before 1976 the probability of neutrino 
oscillations was not calculated in a rigorous way, but simply estimated on the basis of 
the analogy with kaon oscillations. As a result, the phase of the oscillations was correct 
within a factor of two. 

The standard theory of neutrino oscillations was developed in 1976 by Eliezer and 
Swift [8], Fritzsch and Minkowski [9], Bilenky and Pontecorvo [10] (see the beautiful 

^Talk presented at the 11th Lomonosov Conference on Elementary Particle Physics, 21-27 August 
2003, Moscow State University, Moscow, Russia. 
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review in Ref. [11]) on the basis of the following four assumptions that will be discussed 
critically in this report: 



(Al) Neutrinos are ultrarelativistic particles. 

(A2) Neutrinos produced or detected in CC weak interaction processes are described by 
the flavor states 

Wa) = J2^:kWk), (1.1) 

k 

where U is the unitary mixing matrix, a = e, /i, r, and |z/fc) is the state of a neutrino 
with mass m^. 

(A3) The propagation time is equal to the distance L traveled by the neutrino between 
production and detection. 

(A4) The massive neutrino states |z/fc) in Eq. p. HI have the same momentum, pk = p — E 
("equal momentum assumption"), and different energies, Ek = ^/p"^ + m\ ~ ii^ + 
m1/2E, where E is the neutrino energy neglecting mass effects and the approxima- 
tions are valid for ultrarelativistic neutrinos. 

In Section El we briefly review the main points of the standard theory of neutrino 
oscillations. In Sections OHEl we discuss critically the four assumptions listed above. In 
Section [7| we review the covariant derivation of the neutrino oscillation probability in the 
plane wave approach [12-15]. In Section |H1 we review the quantum field theoretical wave 
packet model presented in Ref. [16]. Finally, in Section IHl we present our conclusions. 

2 Standard theory of neutrino oscillations 

In the plane wave approximation the states lu^) of massive neutrinos are eigenstates of 
the free Hamiltonian with definite energy eigenvalues E^. Therefore, their time evolution 
is given by the Schrodinger equation, whose solution is 

kfc(t))=e-*^'=*|^fc)- (2.1) 
Using assumption |(A2)[ from Eq. ()1.1|1 the time evolution of the flavor states is given by 

Mt))= E \J2u:ke-'''^'Up)j\u,), (2.2) 

l3=e,fj.,T \ k / 



which, for t > 0, is a superposition of different flavors if the mixing matrix is non- 
diagonal. The coefficient of the flavor state {uf^) is the amplitude of Ua transitions, 
whose squared absolute value gives the probabihty 



{t) = \{yp\y^{t))\ 



2 

2 



pk 



(2.3) 



Using the equal-momentum assumption |(A4)[ the energy of the A;*^ massive neutrino 
component is given by E^ = a/p^ + rn^, which can be approximated to -E^ ~ p + m\/2p 
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in the case of ultrarelativistic neutrinos following from assumption |(A1)| Moreover, as- 
sumption [(A3)] allows to replace the usually unknown propagation time t with the usually 
known distance L traveled by the neutrino between production and detection. The final 
result for the oscillation probability can be written as 

P..-^.AL) = ^|[/„,nt/^,|2 + 2Re5^f/:,[/^,[/,,[/*^.exp('-z^^') , (2.4) 

k k>j ^ ^ 

where Am^^ = ml — and E = p is the neutrino energy neglecting mass contributions. 
In Eq. fl2.4|) we have separated the expression for the flavor transition probability into a 
constant term and a term which oscillates as a function of the distance L. The oscillating 
term is the most interesting one from a quantum mechanical point of view, because 
it is due to the interference between the different massive neutrino components, whose 
existence requires coherent production and detection. On the other hand, the constant 
term is experimentally very important, because it gives the average probability of flavor 
transitions, which is the measured one when the oscillating term is not present because 
of lack of coherence or when the oscillating term is not measurable because it is washed 
out by the average over the energy resolution of the detector or the distance uncertainty. 

Let us now examine critically one by one the four assumptions |(A1)}](A4)| that leaded 
to the result (Q. 



3 Assumption (Al): ultrarelativistic neutrinos 



The assumption |(A1)] is correct, because neutrino masses are smaller than about one eV 
(see Refs. [17, 18]) and only neutrinos with energy larger than about 100 keV can be 
detected. 

Indeed, neutrinos are detected in: 

1. Charged- current or neutral-current weak processes which have an energy threshold 
larger than some fraction of MeV. This is due to the fact that in a scattering process 
u + A—y with A at rest, the squared center-of-mass energy s = 2E^mA + m\ 
(neglecting the neutrino mass) must be bigger than {^x''^^)'^^ leading to E^^ = 
^^l^f - For example: 

— E'^^ ~ 0.233 MeV for v^. + ^^Ga ''^Ge + e~ in gallium solar neutrino experi- 
ments (see Ref. [18]). 

— E'^^ ~ 0.81 MeV for i/g -l- ^''Cl ^'^Ar + e~ in the Homestake [6] solar neutrino 
experiment. 

— E'^^ ~ 1.8 MeV for z/g + p ^ + e"^ in reactor neutrino experiments (see 
Ref. [18]). 

— i?**^ ~ 2.2 MeV in the neutral-current process z/ + (i^p + n + i/ used in the 
SNO experiment to detect active solar neutrinos [19]. 

2. The elastic scattering process z/ + e~ — z/ + e~, whose cross section is proportional 
to the neutrino energy [oiEy) ~ aoEy/me-, with ctq ~ 10~^^cm^). An energy 
threshold of some MeV's is needed in order to have a signal above the background. 
For example, E^^ ~ 5 MeV in the Super-Kamiokande [20] solar neutrino experiment. 
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As we will see, the ultrarelativistic character of neutrinos implies the correctness of 
the assumptions |(A2)] and [(A3j] and the irrelevance of the assumption |(A4)| which is not 
realistic. 



4 Assumption (A2) : flavor states 



In Ref. [21] it has been shown that the assumption |(A2)] is not exact, because the ampli- 
tude of production and detection of the massive neutrino Uk is not simply given by U*f, 
(see also Refs. [14,16]). However, in the ultrarelativistic approximation the characteris- 
tics of the production and detection processes that depend on the neutrino mass can be 
neglected, leading to a correct approximate description of flavor neutrinos through the 
states (jl.lj) . 



5 Assumption (A3) : t = L 



The assumption |(A3)| follows from the ultrarelativistic approximation, because ultrarel- 
ativistic particles propagate almost at the velocity of light. However, in the standard 
theory of neutrino oscillations massive neutrinos are treated as plane waves, which are 
limitless in space and time. In order to justify the assumption | ( A3) | it is necessary to treat 
massive neutrinos as wave packets [22], which are localized on the production process at 
the production time and propagate between the production and detection processes at a 
velocity close to the velocity of light. Such a wave packet treatment [16,22-24] yields the 
standard formula for the oscillation length. In addition, the different group velocities of 
different massive neutrinos imply the existence of a coherence length for the oscillations, 
beyond which the wave packets of different massive neutrinos do not jointly overlap with 
the detection process [25,26]. 

The wave packet treatment of neutrino oscillations is also necessary for a correct de- 
scription of the momentum and energy uncertainties necessary for the coherent production 
and detection of different massive neutrinos [24,27,28], whose interference generates the 
oscillations. 

The physical reason why the substitution t = L is correct can be understood by 
noting that, if the massive neutrinos are ultrarelativistic and contribute coherently to the 
detection process, their wave packets overlap with the detection process for an interval 
of time [t - At , t + At], with 

/ 7^ \ 

At^a^, (5.1) 




where v is the average group velocity, is the average of the squared neutrino masses, 
ax is given by the spatial uncertainties of the production and detection processes summed 
in quadrature [23] (the spatial uncertainty of the production process determines the size 
of the massive neutrino wave packets). The correction Lim? /2E'^ to t = L in Eq. ()5.1|) 
can be neglected, because it gives corrections to the oscillation phases which are of higher 
order in the very small ratios m\/ E"^ . The corrections due to At ~ ax are also negli- 
gible, because in all realistic experiments ax is much smaller than the oscillation length 
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Wf^j = AttE/ Amlj, otherwise oscillations could not be observed [22,24,27,28]. One can 
summarize these arguments by saying that the substitution t = L is correct because the 
phase of the oscillations is practically constant over the interval of time in which the 
massive neutrino wave packets overlap with the detection process and it is given by 

Aml-L L 
ML) = ^^ = 2nj^^, (5.2) 

kj 

plus negligible corrections of higher order in the neutrino masses. 



6 Assumption (A4): equal momentum 



Let us discuss now the assumption |(A4)[ which has been shown to be unrealistic in 
Refs. [24, 29] on the basis of simple relativistic arguments. Indeed, the relativistic trans- 
formation of energy and momentum implies that the equal momentum assumption can- 
not hold concurrently in different inertial systems. On the other hand, the probability of 
flavor neutrino oscillations is independent from the inertial system adopted for its mea- 
surement, because the neutrino flavor is measured by observing charged leptons whose 
character is Lorentz invariant {e.g. an electron is seen as an electron in any system of 
reference). Therefore, the probability of neutrino oscillations is Lorentz invariant [13,30] 
and must be derived in a covariant way. In fact, the oscillation probability has been 
derived without special assumptions about the energies and momenta of the different 
massive neutrino components both in the plane wave approach [12-15] and in the wave 
packet treatment [22-24,29]. 



7 Covariant derivation of neutrino oscillations 

Let us briefly describe the covariant derivation of the neutrino oscillation probability in 
the plane wave approach, in which the massive neutrino states in Eq. (Il.lj) evolve in space 
and time as plane waves: 



|z/fe(x,t)) 



T^k) 



(7.1) 



Substituting Eq. ()7.H) in Eq. (jl.lj) and expressing the |z/fc) on the right-hand side in terms 
of flavor states (|z/fc) = Ylii3=e ^r^pk \ obtain 



P=e,iM,T \ k / 



(7.2) 



which shows that at a distance x and after a time t from the production of a neutrino 
with flavor a, the neutrino is a superposition of different flavors (if the mixing matrix is 
not diagonal). The probability of flavor transitions in space and time is given by 



'X,t) = \{U(3\Ua{x,t))\' 



^ak e ty^afe 



(7.3) 



which is manifestly Lorentz invariant. 
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Considering ultrarelativistic neutrinos, we apply now the assumption |(A3)| t = x = L, 
where L is the distance traveled by the neutrino between production and detection. The 
phase in Eq. ()7.H|1 becomes 

Ekt-pkX=iEk-pk)L = ^^L = -^L^§L. (7.4) 

-c/fc + Pk -c/fc + Pk 2_C/ 

It is important to notice that Eq. ()7.4|1 shows that the phases of massive neutrinos relevant 
for the oscillations are independent from any assumption on the energies and momenta 
of different massive neutrinos, as long as the relativistic dispersion relation = p\ + m\ 
is satisfied. This is why the standard derivation of the neutrino oscillation probability 
gives the correct result, in spite of the unrealistic equal momentum assumption |(A4)] 

Using the phase in Eq. ()7.4j) . the oscillation probability as a function of the dis- 
tance L has the standard expression in Eq. ()2.4j) . Let us notice that the expression 
()2.4|) is still Lorentz invariant, as shown in Ref. [30], because L is not the instantaneous 
source-detector distance but the distance traveled by the neutrino between production 
and detection. 



8 Wave packet model 

Several wave packet models of neutrino oscillations have been devised, with similar results, 
in the framework of Quantum Mechanics [22-24,26,29,31] and Quantum Field Theory 
[16,32-35] (see Ref. [28] for a comprehensive review). Here we briefly review the main 
points of the quantum field theoretical wave packet model presented in Ref. [16], which 
is based on the assumption in Quantum Field Theory that free particle are described by 
wave packets constructed as appropriate superpositions of states in the momentum Fock 
space of the corresponding free field. 

The wave packet describing a neutrino created with flavor a in the process 

Pl^Pp + ^l + l^a (8.1) 

is given by 

(x{PFJl\-i j d'x7^/(x)|P/), (8.2) 

where we have considered the first order perturbative contribution of the effective weak 
interaction hamiltonian ?i/(x). The states |-P/), \Pf)-, I^q) that describe the particles 
taking part to the localized production process have the wave packet form 

Ix) = j d^P^Mh^^vx) \X{P.K)) (X = Pi.PfAI) , (8.3) 

where p^ is the average momentum, (jp^ is the momentum uncertainty, determined by 
the interactions with the surrounding medium, and h-^ is the helicity. Approximating 
the momentum distributions tlj^{p]p^,ap^) with gaussian functions, the integrals in the 
expression ()8.2j) for the neutrino state can be calculated analitically, leading to 

Wa)=N^Y.^:k I d3pe-^"(^^)^^f(p,/i)|j.,(p,/i)), (8.4) 

k h 
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where is a normalization factor, A^{p, h) is the amphtude of production of a neutrino 
with mass m^, momentum p and hehcity and the function e~'^* enforces energy- 
momentum conservation within the momentum uncertainty due to the momentum dis- 
tributions of P/, Pp, The spatial width o"^.p of the neutrino wave packet is related to 
its momentum uncertainty 

^Ip = ^Ipi + ^Ipp + (8.5) 

by the minimal Heisenberg uncertainty relation axpCTpp = 1/2. 

Let us consider the detection of a neutrino with flavor f3 through the charged- current 
weak process 

Uf^ + Dj^Dp + i^, (8.6) 

at a space-time distance [L, T) from the production process, where the neutrino created 
with flavor a is described by a state obtained by acting on |z/q) in Eq. ()8.4|) with the 

space-time translation operator exp(—iET + iP ■ L), where E and P are the energy and 
momentum operators, respectively: 

\u^{L,T)) = N^J2^:, I d3pe-^^^^®We-^f(P)^^P(^^/,)|^^(^^/,)). (g.y) 
k •' h 

The detection amplitude is given by 

Ao.p{L,T) = {Dp,i^\-t j d'xni{x)\Dj,u^iL,T)). (8.8) 

The transition probability as a function of the distance L is given by the average over 
the unmeasured time T of \ Aai3{L, T)p. In the realistic case of ultrarelativistic neutrinos 
the flnal result for the flavor transition probability is 



Pai3{L) = \Uak\''\Upk\^ + 2Re J2 KkU^kUajU;^ exp 

k k>j 



L 

27ri 



r osc 
^kj 



2 / \ 2n 



In K, ' 



T coh / I r osc 

^kj J \^kj 



1.9) 



where L^^'^ = AnE / Amlj are the standard oscillation lengths and L'j^^ = ^,^%jE'^ari.l\lS.m\^^^ 
are the coherence lengths. The quantities k and cu, which are usually of order one, depend 
on the production and detection processes [16]. The total spatial coherence width Ox is 
given by 

^' = ^'p + ^'d- (8.10) 

The form of the flavor transition probability in Eq. ()8.9p is consistent with the results 
obtained with other wave packet models in the framework of Quantum Mechanics [22-24, 
26,29,31] and Quantum Field Theory [32-35]. One can see that the standard value of the 
oscillation phase is conflrmed, in agreement with the discussion in the previous Sections. 
In addition, the wave packet treatment produced a coherence term and a localization 
term. 
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The coherence term exp[— (L/L^"*^)^] suppresses the oscillations due to Am^^- when 
L > L^kj^, because the wave packets of the massive neutrino components and Vj have 
separated so much that they cannot be absorbed coherently in the detection process. 

The localization term exp[— 27r^K(cra:/L^^'^)^] suppresses the oscillations due to Am|^. if 
ax ^ ^Tj- This means that in order to measure the interference of the massive neutrino 
components and Vj the production and detection processes must be localized in space- 
time regions much smaller than the oscillation length L'^j- In practice this requirement is 
easily satisfied by all neutrino oscillation experiments, because the space-time coherence 
regions of the production and detection processes are usually microscopic, whereas the 
oscillation length is usually macroscopic. 

The localization term is important for the distinction of neutrino oscillation exper- 
iments from experiments on the measurement of neutrino masses. As first shown by 
Kayser in Ref. [27], neutrino oscillations are suppressed in experiments able to measure 
the value of a neutrino mass, because the measurement of a neutrino mass implies that 
only the corresponding massive neutrino is produced or detected. 

Kayser's [27] argument goes as follows. Since a neutrino mass is measured from 
energy-momentum conservation in a process in which a neutrino is produced or detected, 
from the energy-momentum dispersion relation Ef.=p'\ + ml. the uncertainty of the mass 
determination is 

= ^J {2Ek6Ekf + {2pk5pkf ^ 2V2Eap , (8.11) 

where the approximation holds for realistic ultrarelativistic neutrinos and Cp = l/2crx 
is the momentum uncertainty. If ^m^^ < |Am^,j|, the mass of z/^ is measured with an 
accuracy better than the difference Am^^-. In this case the neutrino Uj is not produced 
or detected and the interference of and uj is not observed. The localization term in 
the oscillation probability ()8.9|1 automatically implements Kayser's mechanism, because 
ax/LlJ^ can be written as Am^j/4\/2£'(jp. If Snik'^ < \Amlj\, the localization term in 
Eq. ()8.9j) suppresses^ the interference of Uk and Uj. 

9 Conclusions 

In conclusion, we have shown that the probability of neutrino oscillations can be derived in 
a covariant way in the plane wave approach starting from realistic assumptions. We have 
also presented a derivation of neutrino oscillations in a quantum field theoretical wave 
packet approach. In both cases we obtained the standard expression for the oscillation 
phase. The wave packet approach allows also to describe the coherence of the oscillations 
and the localization of the production and detection processes. 
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